A mathematical model incorporating animal TB and Human TB transmission is formulated and analysed in order to determine the role of animal TB and human TB in the overall TB transmission and also, to determine the parameters which govern the transmission of the TB disease. The model has five classes namely susceptible, exposed animal TB, and exposed human TB, infectious and recovery. The model assumed that there are two classes for infected individuals, those who acquired TB through animal and those who acquire TB from human. Qualitative results show that the model has the disease-free equilibrium and at least one endemic equilibrium that is locally asymptotically stable. The study includes numerical simulations as a way of supporting the analytical results. Graphical results indicate that animal TB has major contribution on overall TB transmission and the TB transmission can be reduced by ensuring intervention to both Animal TB and Human TB. Furthermore the equations indicate that there is at least one endemic equilibrium which translates that t animal and human have the contribution on TB transmission. This shows that both animals and humans together with fast progressors have contribution on TB transmissions.
Introduction

General Introduction
Tuberculosis is the deadly diseases in developing countries, globally it causes many death than other diseases including Malaria, Schistosomiasis, HIV, Typhoid fever [1] .
The source of infection of Tuberculosis (TB) can be from Human, Animal or environmental. That is Human to Human TB is caused by bacteria called Mycobacterium tuberculosissa. The bacteria can be transmitted through the air from one person to another. Zoonotic tuberculosis is caused by bacteria called Mycobacterium bovis (M. Bovis) and is transmitted from animal to human. Zoonotic tuberculosis is spread to a person by contacting or consuming product from infected animal. Environmental TB is caused by the surroundings in which water and soil can be a source of infection.
The bacteria can affect any part of the body, but they usually attack the lungs [pulmonary TB (PTB)], and it can also affect any other part of the body [extra-pulmonary TB (EPTB)]. EPTB with no evidence of pulmonary involvement accounted for 21.1% of those with TB in 2005, which represents an increase from 16% in 1992 [2] .
Human TB is spread by air in which the bacteria are put into the air when a person with TB disease of the lungs or throat coughs or sneezes.
Zoonotic tuberculosis was once a major problem in developed countries but following eradication programs involving test and slaughter policy and milk pasteurization [3] , the incidence has drastically reduced [4] . However, the infection currently poses a major concern in the human population in developing countries, as humans and animals share the same microenvironment and dwelling premises, especially in rural areas [5] .
The World Health Organization (WHO) estimates that over 2 billion people (one third of the world population) is infected with tuberculosis [6] . The same fact sheet stated that in 2008, globally, there were 9.37 million new cases of TB, with the African region and the Southeast Asian region (SEAR) having a share of 30% and 34%, respectively. However, the estimated incidence rate in Sub-Saharan Africa is nearly twice that in the SEAR with over 350 cases per 100,000 individuals of the human population. In the same year 2008, an estimated 1.3 million people died from TB. The highest number of deaths was in SEAR, while the highest mortality per capita was in the African region.
Transmission of M. bovis can occur between animals, from animals to humans and vice versa and rarely, between humans. M. bovis infection is transmissible from cattle to humans directly by erogenous route [3] and through direct contact with material contaminated with nose and mouth secretions from an infected herd of cattle ( [7] cited on [8] ). Also, the existing eating culture (eating of raw meat and drinking of raw milk), the very common close contact of animals with humans (most common in rural areas), inadequate meat inspection and the prevailing low standard of hygienic practices are potential risk factors that favours the spreading of zoonotic tuberculosis [6] .
Statement of the Problem
Zoonotic transmission of tuberculosis to human populations is well recognized and is estimated to account for more than 10% of all forms of TB infections in vulnerable communities in Tanzania [9] . Infected animals are a major source of TB, thus indirectly subjecting livestock-keeping families to long-term poor health and poverty. The extent of zoonotic transmission of TB in urban populations in Tanzania and how the rural-pastoralist transmission affects the general transmission patterns of TB has not been studied in the past. [10] has studied the transmission of TB on contact transmission but ignored contact of animal and human which lead infected animals to transmit TB to human. Therefore this study uses [10] model to incorporate animal to human transmission in order to have a model which indicate the transmission of animal TB.
Research Objective
The main objective of this study was to determine TB transmissions rate caused by contact and animal to human transmission in zoonotic heterogeneous mixing population. The specific objectives of this study were:
1) To formulate and analyze a mathematical model for TB transmission in zoonotic heterogeneous mixing population.
2) To determine the behavior of parameters which govern the transmission of zoonotic TB.
Significance of the Study
This study will give a better understanding of the zoonotic TB using mathematical models. The established prevalence and transmission patterns and dynamics of zoonotic TB from this study will build a strong and functional collaboration between the National Tuberculosis and Leprosy Program (NTLP) and the veterinary and Wildlife departments for control of zoonotic transmission of TB for the increased knowledge about geographical distribution of zoonotic TB diseases in selected rural and urban populations.
The Tuberculosis Model for Transimission of Zoonotic Tuberculosis
Introduction
In this chapter we are going to formulate and analyze the model. The model will include fast progressors to active TB, animal TB and Human TB disregarding environmental TB. The model will incorporate five classes of individuals which are susceptible, infected by animal TB, infected by human TB, infectious and recovered. The study will carry analysis on examining the positivity of the model, finding the disease free and endemic equilibrium points.
Model Formulation
The mathematical model incorporates animal and human TB to determine their contribution and transmission rate to TB dynamics. Population is divided into five classes as follows: susceptible ( ) S t individuals who are free from TB infection but are at risk, exposed individuals have been divided in two classes as exposed to human TB α is the transmission rate ( Table 1) .
Taking into account the above considerations, we have the following schematic flow diagram (Figure 1 ). 
Model Assumption
• The Model will not consider environmental tuberculosis.
• Individuals are equally likely to be infected by the infectious individual in case of contact. From the descriptions, assumptions and biological flow chart in Figure 1 , we obtained the following model equations.
( ) 
Basic Properties of the Model
In this section we investigate the feasibility and positivity of the solution. The feasibility of the model describes the region in which the solution of the system (3.1) are biological meaningful. Positivity of solution describes non-negative solution of system (3.1).
Feasible Solution
The feasible solution which is a positively invariant set of the model is given by ( ) 5 , , , , :
, at disease free equilibrium, from the function of H A N S E E I R = + + + + therefore the change of N will lead to changes to all variables in the population, then we will obtain
which leads to
Therefore in the absence of diseases ( )
From Equation (3.4) we observe that,
By using Birkhoff and Rota's theorem (1989) on differential inequalities we obtain, 
Positivity of Solutions
In this section we elaborate the non-negativity of the solution of the system (3.1), by considering the lemma below. Integrating Equation (3.7) with respect to time t , we obtain ( ) ( ) From Equation (2) of system (3.1)
Integrating Equation (3.8) with respect to H E we obtain, Consider fifth equation of the system (3.1)
By integration, we obtain 
Existence of Steady States of the System
The equilibrium states are obtained by equating equations of the system (3.1) to zero that means
So the system (3.1), becomes The disease-free equilibrium point is the situation where there is no infection in the population that means, 0
in the system (3.1).
After solving the free-equilibrium point of the system (3.1), the first equation of system (3. Also from equation four of the system (3.1) we get 
The Endemic Equilibrium Point
, , π . In which by using quadratic formula we get, 
Numerical Simulations
In this section, we carry out numerical simulations to illustrate analytical results obtained in the previous sections. We use a set of parameter values in the cited literature and estimate those which could not be found in literature to do the simulations of model (1), using Matlab software. Table 2 displays the set of parameter values to be used in the simulations and their sources.
Simulations of Different Epidemiological Classes
We simulated the parameters q , p , ϒ and τ to check the contribution of these parameter and how they govern the animal TB transmission in overall TB transmissions. The parameter varied above were hypothesized to contribute in the animal TB transmission, the parameters were varied individual and then were combined together to see the total contribution of the animal TB in overall TB.
Latent animal TB has high decrease compared to latent human TB, also Figure 2 indicates that as latent animal TB decrease then the overall number of susceptible individual decreases with higher rate that both latent animal and latent human TB (Figure 2) .
In Figure 3 it shows that if we consider only human TB by varying q , only the susceptible class increase while when you combined both animal and human TB as in the Figure 4 , susceptible class have fast decreasing this indicate that animal TB have major contribution in overall TB transmissions. The results are similar to results reported by (Mfinanga, et al., 2010) .
In Figure 5 , it indicates that animal TB transmission contribute to overall TB burden since when we vary ϒ the exposed animal TB diminish and the infectious class increases and recovery individual also increase, Figure 6 . The increase of recovery starts at year 0 -5 and start to diminish slightly after year 5. Figure 7 above shows that as τ increases number of susceptible population decreases this is due to the fact that more exposed individual become infectious and then they are infecting other individuals in the population which lead to decrease in the number of susceptible population. Figure 8 above shows that the higher the rate of infected individual to active TB, the lower the number of exposed TB in human class. This is due to the fact that those who are infected if they become active TB quickly they are being shifted to infectious class. Figure 9 above indicates that the higher the rate TB transmissions rate in animal TB class the lower the number of exposed animal TB.
Conclusion and Recommendation
Transmission of TB from animal to human is a threaten to human being life as shown in the Equation (3.19 ). This clearly shows that human beings are at risk of being infected with TB from animals. Therefore, Ministry of Health and Social Welfare through NTLP with collaboration of Ministry of agriculture and livestock should ensure that beef/milk is clearly checked by veterinary officers. 
